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Abstract
We determine the conformal algebra of Bianchi III and Bianchi V spacetimes or, equivalently, we deter-
mine all Bianchi III and Bianchi V spacetimes which admit a proper conformal Killing vector. The algorithm
that we use has been developed in Class. Quantum. Grav. 15, 2909 (1998) and concerns the computation
of the CKVs of decomposable spacetimes. The main point of this method is that a decomposable space
admits a CKV if the reduced space admits a gradient homothetic vector the latter being possible only if the
reduced space is flat or a space of constant curvature. We apply this method in a stepwise manner starting
from the two dimensional spacetime which admits an infinite number of CKVs and we construct step by
step the Bianchi III and V spacetimes by assuming that CKVs survive as we increase the dimension of the
space. We find that there is only one Bianchi III and one Bianchi V spacetime which admit at maximum
one proper CKV. In each case we determine the conformal Killing vector and the corresponding conformal
factor. As a first application in these two spacetimes we study the kinematics of the comoving observers
and the dynamics of the corresponding cosmological fluid. As a second application we determine in these
spacetimes generators of the Lie symmetries of the wave equation.
Keywords: Bianchi spacetimes; Conformal vector fields; Collineations; Symmetries; Lie symmetries of
wave equation.
1 Introduction
A conformal Killing vector (CKV) X of a metric gab is a vector field that satisfies the condition LXgab = 2ψgab
where ψ(xr) is the conformal factor. The CKVs are classified as Killing Vectors (KVs) for ψ = 0; Homothetic
Vectors (HVs) for ψ = const; Special Conformal Killing Vectors (SCKVs) for ψ;ab = 0; and proper CKVs
for ψ;ab 6= 0. The HVs and the KVs are also non-proper Affine Collineations and non-proper Projective
Collineations.
The knowledge of the proper CKVs of a given spacetime is important because they act as geometric con-
straints which can be used in the study of the kinematics and the dynamics of a given spacetime. For example
a CKV can be used to reduce the number of unknowns of a gravitational (or cosmological) model and also to
increase the possibility of finding new solutions of Einstein’s field equations (see for example [1], [2], [3], [4],
[5], [6], [7], [8], [9]). Furthermore the conformal algebra can be used in order to classify spaces (e.g. Finsler
manifolds, pseudo-Euclidean manifolds) (see [10], [11]). For example one may use the CKVs of a space in order
to determine the classes of manifolds which are conformally related to the given space; or to use them in order
to study the locally conformal flatness of a space around a singularity (i.e. a point x0 where the CKV vanishes).
The special class of the CKVs, the KVs, have been used in numerous applications. For example Geroch in [12]
and [13] has used the KVs in order to derive new solutions of the gravitational field equations. The gradient
KVs can be used also to decompose the spacetime metric and simplify the field equations. Moreover, KVs are
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related with the conservation laws for the geodesic equations, indeed KVs form a subalgebra on the Noether
symmetries for the geodesic Lagrangian, for more details see [14]
Apart of the above applications, another important area where the CKVs and the more general projective
collineations have been used is the geometric study of Lie symmetries of differential equations. For example early
studies of the geodesic equations [15], [16], [17], [18] have shown a unique connection of the Lie point symmetries
for the geodesic equations in a space with the elements of the projective algebra of the space. Furthermore in
a conservative dynamical system one may consider the kinetic energy as a metric and study the Lie and the
Noether point symmetries of the dynamic equations using the collineations of this metric. In [19], [20] it has
been shown that in these case the Lie point symmetries are generated by the special projective algebra and the
Noether point symmetries by the Homothetic algebra of the kinetic metric. Similar results have been found for
some partial differential equations of special interest in curved spacetimes, as the wave and the heat equation
(see [21], [22], [23] and references therein) where it has been shown that in these cases the Lie point symmetries
involve the CKVs.
In the present work we apply the propositions and the methodology developed in [24], [25] and [28] in order to
determine all Bianchi III and V spacetimes that admit proper Conformal Killing Vectors (CKVs). The Bianchi
I spacetimes which admit proper CKVs have been determined in [28]. Bianchi III and Bianchi V spacetimes are
of special interest and they find many applications in the study of anisotropic cosmologies. Bianchi can provide
a different cosmological behaviour in the early universe [26], while also they can been seen as the homogeneous
limits of exact inhomogeneous cosmological models [27].
Bianchi spacetimes are spatially homogeneous spacetimes of the general form
ds2 = −dt2 +A2(t)(ω1)2 +B2(t)(ω2)2 + C2(t)(ω3)2 (1)
where ωi, i = 1, 2, 3, are basis 1-forms and A(t), B(t), C(t) are functions of the time coordinate (see [29], [30],
[31]). For instance,
Bianchi I : ω1 = dx , ω2 = dy , ω3 = dz
Bianchi III : ω1 = dx , ω2 = dy , ω3 = e
−xdz
Bianchi V : ω1 = dx , ω2 = e
xdy , ω3 = e
xdz.
In the case of B2(t) = C2(t) the Bianchi spacetimes contain a fourth isometry which is the rotation of the yz
plane and reduce to the important subclass of Locally Rotational Symmetric (LRS) spacetimes (see for example
[32] and citations therein).
The structure of the paper is as follows. In section 2 we briefly discuss the method we apply for the
determination of the proper CKVs of a decomposable spacetime. Sections 3 and 4 contain the main calculations
of the paper and the propositions derived from the application of the method mentioned in section 2. In section
5 we apply our results in the cases of Bianchi III and Bianchi V cosmological models. Section 6 contains an
application of the CKVs on the symmetries of differential equations. More specifically, we compute the generic
Lie point symmetries of the wave equation for the Bianchi spacetimes constructed in sections 3 and 4. Finally,
in section 7 we draw our conclusions.
2 Preliminaries
We recall that a Riemannian manifold is decomposable along the coordinate t iff the metric gab admits the
non-null gradient KV ua = ∂t where uaua = εu
2 , ε = ±1. In this case one defines the projection operator
hab = gab − ε
u2
uaub (2)
and decomposes the tensor algebra along ua and normal to ua. For n−dimensional decomposable Riemannian
manifolds Mn with n ≥ 3 an algorithm has been developed (see [24]) which determines the proper CKVs in
terms of the (gradient) proper CKVs of the (n− 1) non-decomposable space.
In particular, it has been shown that an n-dimensional decomposable spaceMn admits proper CKVs if and
only if the (n− 1) space Mn−1 admits a gradient proper CKV whose conformal factor is the gradient factor
which constructs the (gradient) CKV. In addition, any gradient proper CKV of the Mn−1 provides two proper
CKVs for the Mn. For a four dimensional manifold the following result is shown in [24].
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If Mn, n = 4 is a decomposable Riemannian manifold with line element (µ, ν = 1, 2, 3)
ds2 = εdt2 + hµν (x
σ) dxµdxν (3)
where ε = ±1, the vector field
Xa∂a = −ε
p
λ˙ (t)ψ (xσ) ∂t +
1
p
λ (t) ξµ (xσ) ∂µ + L
µ∂µ (4)
is a proper CKV of (3) where
a. Lµ is a non-gradient KV or HV of Mn−1
b. ξµ (xσ) is a gradient proper CKV ofMn−1 with conformal factor ψ (xσ) i.e. Lξhµν (x
σ) = 2ψ (xσ)hµν (x
σ)
c. The function λ (t) is given by
λ (t) = λ1e
i
√
εpt + λ2e
−i√εpt, for εp > 0 (5)
or
λ (t) = λ1e
√
−εpt + λ2e
−
√
−εpt, for εp < 0 (6)
where p is a non-vanishing constant and λ1, λ2 are independent constants, provided the function ψ (x
σ) satisfies
the condition
ψ;µν = pψhµν . (7)
Concerning the homothetic vector it has been shown in [24] that when theMn−1 space admits a HV Hµ (xσ)
with conformal factor C, the Mn admits the HV
Ha∂a = Ct∂t +H
µ∂µ. (8)
Finally, concerning the Killing vector fields, it has been shown that the Killing vector fields of Mn are
Ka = k0∂t + k1Ih
µν (xσ)KIν (x
σ) + k2Ih
µν (xσ)SI,ν (x
σ) + k3I
(−εSI (xσ) ∂t + hµν (xσ)SI,ν (xσ)) (9)
where KIν (x
σ) are the non-gradient KVs of Mn−1 and SI,ν (x
σ) are the gradient KVs of Mn−1. Finally, k0, k1I ,
k2I and k3I are independent constants.
However another possibility that the space (3) admits proper CKVs is when it is conformally flat. That case
was found to be important in the classification of Bianchi I spacetimes in [28] according to the admitted CKVs,
but it does not provide any result in the case of Bianchi III and Bianchi V spacetimes, thus we omit it from the
present discussion.
The concept of conformally related metrics plays a crucial role in the computation of the CKVs, therefore we
review the basic definitions concerning these metrics. Two metrics ĝab, gab are said to be conformally related iff
there is a function N2(xr) such that ĝab = N
2(xr)gab. The conformally related metrics share the same conformal
algebra but with different conformal factors. For a given vector field X we have the decompositions/identities
LXĝab = 2ψ̂(X)ĝab + 2Ĥab(X) and LXgab = 2ψ(X)gab + 2Hab(X).
where Hab(X), Ĥab(X) are symmetric traceless tensors. It can be shown that
ψ̂(X) = X(lnN) + ψ(X), Ĥab(X) = N
2Hab(X)
and
F̂ab(X) = N
2Fab(X)− 2NN,[aXb]
where F̂ab(X) = X̂[aˆ;b] = X̂[a;b] and Fab(X) = X[a;b]. Moreover
X̂aˆ;b =
1
2
LXĝab + F̂ab(X)
Xa;b =
1
2
LXgab + Fab(X).
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A metric gab is called conformally flat iff it is conformal to the flat metric ηab. A metric conformally related
to a conformally flat metric is also conformally flat. It is well known that all the 2d-spacetimes are conformally
flat and admit an infinity number of CKVs while only the flat 2d-metrics admit special CKVs.
The flat n-dimensional metric ηab admits an algebra of
(n+1)(n+2)
2 CKVs which consists of n+
n(n−1)
2 =
n(n+1)
2
KVs, one HV and n proper SCKVs. The generic (not proper!) SCKV of a flat metric is given by the formula
χa∂a = α
aPa + α
BArAB + βH+ 2β
aKa (10)
with conformal factor ψ = β + 2βax
a and integration constants α, β, αa, βa, αab = −αba. In this expression Pa
are the n KVs (translations), rAB are the
n(n−1)
2 KVs (rotations), H is the HV (dilatation) and Ka are the n
proper SCKVs. The summation over A, B satisfies the condition 1 ≤ A < B ≤ n.
In a coordinate system in which the metric has its reduced form ηab = diag(−1, ...,−1,+1, ...,+1) the
above vectors are given by the following expressions Pa = δ
b
a∂b, rab = 2δ
c
[aδ
d
b]xc∂d, H = x
a∂a and Ka =(
xax
b − 12δbaxcxc
)
∂b = xaH− 12 (xbxb)Pa. These vector fields span the conformal algebra of the flat space ηij .
3 CKVs of Bianchi III spacetime
Consider the three-dimensional decomposable spacetime of Lorentzian signature
ds2(1+2) = Γ
2 (τ )
(−dτ2 + dx2)+ dy2. (11)
The line element (11) for arbitrary Γ (τ) admits a two-dimensional conformal Killing algebra consisting by the
KVs ∂y and ∂x.
For the conformal spacetime
ds¯2(1+2) = B
2 (τ) e2xds2(1+2) (12)
the vector field ∂y remains a KV but ∂x now becomes a proper HV.
Consider now the four-dimensional decomposable spacetime
ds2(1+3) = ds¯
2
(1+2) + dz
2 (13)
which admits a three-dimensional conformal algebra consisting of the KVs ∂y, ∂z and the proper HV ∂x + z∂z.
Then, the conformally related spacetime ds2(III) = A
2 (τ) e−2xds2(1+3) which can be written equivalently
1
ds2(III) = −dt2 + α2 (t) dx2 + β2 (t) dy2 + γ2 (t) e−2xdz2 (14)
is a Bianchi III spacetime and the vector fields ∂y, ∂z, ∂x + z∂z form the Killing algebra of (14). Therefore,
in order the Bianchi III (14) to admit greater conformal algebra the functions α (t) , β (t) and γ (t) must be
specified. Recall that when α (t) = γ (t) spacetime (14) is locally rotational and admits as extra KV the rotation
in the two dimensional space ds2 = dx2 + e−2xdz2.
The three-dimensional space (11) admits a greater conformal algebra for specific functions Γ (τ). From the
discussion of Section 2 it follows that Γ (τ) must be such that the two-dimensional space
ds2(2) = Γ
2 (τ )
(−dτ2 + dx2) (15)
admits proper gradient CKVs or a greater Killing algebra. For two-dimensional spaces it is well-known that
the admitted KVs can be zero, one or three and in the latter case the space is maximally symmetric. Since
(15) admits always the KV ∂x, the Γ (τ ) must be specified so that (15) is maximally symmetric. Without loss
of generality we can select Γ2 (τ) = emτ in which case (15) is the flat space with Ricci Scalar R(2) = 0, or
Γ2 (τ ) = κ−2 cos−2 (τ ) in which case R(2) = 2κ
2.
Furthermore, because all the two-dimensional spaces admit infinitely many CKVs, the requirement that at
least one of the proper CKVs is to be gradient, specifies the spacetime to be of nonzero constant curvature,
which is a maximally symmetric space and it admits five gradient proper CKVs.
1Where α2 (t) = A2 (t)B2 (t) Γ2 (t), β2 (t) = A2 (t)B2 (t) and γ2 (t) = A2 (t) while t =
∫
a (τ) dτ .
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3.1 Case Γ2 (τ ) = emτ
In the case of Γ2 (τ ) = emτ the three-dimensional space
ds2(1+2) = e
mτ
(−dτ2 + dx2)+ dy2. (16)
is flat and admits a ten-dimensional conformal algebra. This algebra consists of the six KVs
Y1 =
2
m
e−
m
2
(τ−x)∂τ − 2
m
e−
m
2
(τ−x)∂x
Y2 = − 2
m
e−
m
2
(τ+x)∂τ − 2
m
e−
m
2
(τ+x)∂x
Y3 = ∂x , Y4 = ∂y
Y5 = ye
−m
2
(τ+x)∂τ + ye
−m
2
(τ+x)∂x +
2
m
e
m
2
(τ−x)∂y
Y6 = −ye−m2 (τ−x)∂τ + ye−m2 (τ−x)∂x − 2
m
e
m
2
(τ+x)∂y
the HV
Y7 =
2
m
∂τ + y∂y , ψ(1+2)(Y7) = 1
and the three special CKVs
Y8 =
[
2
m2
e
m
2
(τ−x) +
y2
2
e−
m
2
(τ+x)
]
∂τ +
[
− 2
m2
e
m
2
(τ−x) +
y2
2
e−
m
2
(τ+x)
]
∂x +
2y
m
e
m
2
(τ−x)
Y9 = −
[
2
m2
e
m
2
(τ+x) +
y2
2
e−
m
2
(τ−x)
]
∂τ +
[
− 2
m2
e
m
2
(τ+x) +
y2
2
e−
m
2
(τ−x)
]
∂x − 2y
m
e
m
2
(τ+x)
Y10 = my∂τ +
[
m2y2
4
+ emτ
]
∂y
with conformal factors ψ(1+2)(Y8) =
2
m
e
m
2
(τ−x), ψ(1+2)(Y9) = − 2me
m
2
(τ+x), and ψ(1+2)(Y10) =
m2y
2 respec-
tively.
The conformally flat space
ds¯2(1+2) = B
2 (τ) e2x
[
emτ
(−dτ2 + dx2)+ dy2] (17)
admits the same elements of the conformal algebra with (16) but with different conformal factors ψ¯(1+2). More
specifically it follows that
ψ¯(1+2)(YA) = YA [ln(Be
x)] + ψ(1+2)(YA). (18)
When we impose condition (7) we find that there does not exist function B (τ ) such that ψ¯(1+2)(YA) to satisfy
(7). On the other hand, we observe that for
B (τ ) = eµτ , µ =
m(λ− 1)
2
(19)
it follows ψ¯(1+2)(Y7) = λ, which means that Y7 is reduced to a HV for (17). At this point it is important to
mention that ψ¯1+2 (Y3) = 1, however there is only one proper HV and not two, as expected. We assume Y7 to
be the proper HV and Y3 − 1λY7 to be a KV.
For the four-dimensional decomposable spacetime
ds2(1+3) = e
2xe2µτ
[
emτ
(−dτ2 + dx2)+ dy2]+ dz2 (20)
from Y7 we find the proper HV
L1 ≡ Y7 + λz∂z = 2
m
∂τ + y∂y + λz∂z. (21)
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We conclude that the Bianchi III spacetime
ds2(III) = e
mλτA2 (τ )
(−dτ2 + dx2 + e−mτdy2 + e−mλτe−2xdz2) (22)
admits the proper CKV L1 with conformal factor ψ(III)(L1) =
2
m
A,τ
A
+ λ which reduces to a HV when A (τ) is
an exponential in which case the line element is
ds2(III) = −emκτdτ2 + emκτdx2 + em(κ−1)τdy2 + em(κ−λ)τe−2xdz2 (23)
or in equivalent form
ds2(III) = −dt2 +
m2κ2t2
4
dx2 +
(
m2κ2t2
4
)κ−1
κ
dy2 +
(
m2κ2t2
4
)κ−λ
κ
e−2xdz2 (24)
where now we write L1 = κt∂t + y∂y + λz∂z with ψ(III)(L1) = const ≡ κ 6= 0, recall that dt = e
mκ
2
τdτ .
Performing the same analysis for the second case of Γ2 (τ ) = κ−2 cos−2 (τ ) we find that the resulting Bianchi
III spacetime does not admit any proper CKV or a proper HV, hence we omit the presentation of this analysis.
We summarize our results in the following proposition
Proposition 1 The only Bianchi III spacetime which admits a proper CKV is the
ds2 = A2 (τ)
[
emλτ
(−dτ2 + dx2)+ em(λ−1)τdy2 + e−2xdz2] . (25)
The CKV is L1 =
2
m
∂τ + y∂y + λz∂z and it has conformal factor ψ(III)(L1) =
2
m
A,τ
A
+ λ, where A (τ) is an
arbitrary function.
4 Bianchi V spacetimes which admit a CKV
For the computation of the CKVs for the Bianchi V spacetime we apply the same procedure with Section 3,
but for this case we start from the two-dimensional spacetime
ds2(2) = Γ
2 (τ ) e−2x
(−dτ2 + dx2) . (26)
The latter space is maximally symmetric only for Γ2 (τ ) = eγτ where the Ricci Scalar is calculated to be
R(2) = 0. It is important to mention that there does not exist a function Γ (τ ) such that the space (26) is of
constant curvature.
We omit the intermediary calculations and we summarize the results in the following proposition
Proposition 2 The Bianchi V spacetime
ds2 = A2 (τ)
[
Γ2 (τ )
(−dτ2 + dx2)+ e2x (B2 (τ ) dy2 + dz2)] (27)
admits the unique proper CKV L1 =
2
m
∂τ + y∂y + λz∂z with ψ(V )(L1) =
2
m
A,τ
A
+ λ only when Γ2 (τ ) =
emλτ , B2 (τ ) = em(λ−1)τ . For A2 (τ ) = em(κ−λ)τ the CKV reduces to a HV with conformal factor ψ(V )(L1) =
const = κ 6= 0.
5 Applications
5.1 Bianchi III cosmological fluid
In this section we study some of the kinematic and the dynamic properties of spacetime given by equation (22)
for the comoving observers ua = e
−
mλ
2
τ
A(τ) δ
a
τ , u
aua = −1. As it is well known (see e.g. [33]) the four velocity of
a class of observers introduces the 1+3 decomposition of tensor fields in spacetime. The decomposition of ua;b
gives the kinematic quantities θ, σ2, ω2 and αa defined by the identity
ua;b = −αaub + ωab + σab + 1
3
θhab (28)
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where aa = u˙a = ua;bu
b, ωab = h
c
ah
d
bu[c;d], σab =
(
hcah
d
b − 13hcdhab
)
u(c;d), θ = h
abua;b = u
a
;a, σ
2 ≡ 12σabσab,
ω2 ≡ 12ωabωab, hab = gab + uaub. In this decomposition aa is the 4-acceleration of the observers ua, and the
quantities ωab, σab, θ concerns the variation of the projected (⊥δxaua = 0) connecting vector ⊥δxa along the
congruence (i.e. the integral lines) defined by the vector field ua. The antisymmetric tensor ωab measures the
relative rotation, the tensor σab the anisotropic expansion and the scalar θ the isotropic expansion of ⊥δxa.
The dynamic variables of the spacetime are defined by the 1+3 decomposition of the Einstein tensor Gab as
follows [33]
Gab = ρuaub + 2q(aub) + phab + piab (29)
where ρ = Gabu
aub is the energy-mass density of the fluid, p = 13h
abGab is the isotropic pressure,
qa = −hacGcdud is the heat flux tensor and piab =
(
hcah
d
b − 13hcdhab
)
Gcd is the traceless anisotropic
tensor (measures the anisotropy of the fluid).
Applying the above for the comoving observers in Bianchi III spacetime (22) we compute that the kinematic
quantities ω2 = 0, αa = 0 while
θ =
e−
mλ
2
τ
A
[
3
d(lnA)
dτ
+
m(2λ− 1)
2
]
(30)
and
σ2 =
m2(λ2 − λ+ 1)
12
e−mλτ
A2
. (31)
Similarly for the dynamic quantities we find that the (non-zero) components for the cosmological fluid defined
by the Bianchi III spacetime (22) are
ρ =
e−mλτ
4A2
[
4
d (lnA)
dτ
(
3
d (lnA)
dτ
+m (2λ− 1)
)
+m2λ (λ− 1)− 4
]
(32)
p =
e−mλτ
A2
[
− 2
A
d2A
dτ2
+
d (lnA)
dτ
(
d (lnA)
dτ
+
m
3
(2 − λ)
)
− m
2
12
(λ− 1)(λ− 2) + 1
3
]
(33)
qa =
(
0,
mλ
2
e−
3mλ
2
τ
A3
, 0, 0
)
(34)
pixx =
m(λ+ 1)
3
d (lnA)
dτ
+
m2(λ2 − 1)
12
− 1
3
(35)
piyy = e
−mτ
[
m(λ− 2)
3
d (lnA)
dτ
+
m2
12
(λ− 1)(λ− 2) + 2
3
]
(36)
and
pizz = −e−mλτ−2x
[
m(2λ− 1)
3
d (lnA)
dτ
+
m2
12
(λ− 1)(2λ− 1) + 1
3
]
. (37)
In the case of A2(τ ) = em(κ−λ)τ , where the CKV L1 becomes a HV, the above non-zero quantities are
simplified as follows
θ =
m(3κ− λ− 1)
2
e−
mκ
2
τ (38)
σ2 =
m2(λ2 − λ+ 1)
12
e−mκτ (39)
ρ = ρ0 (m,κ, λ) e
−mκτ , p = p0 (m,κ, λ) e
−mκτ (40)
qa =
(
0,
mλ
2
e−
3mκ
2
τ , 0, 0
)
(41)
pixx = pixx0 (m,κ, λ) , piyy = piyy0 (m,κ, λ) e
−mτ , pizz = pizz0 (m,κ, λ) e
−mλτ−2x. (42)
From the latter expressions we infer that for large τ and mκ > 0 all the kinematical quantities, the mass
density, the isotropic pressure and the heat flux vector vanish. If, in addition, pixx0 (m,κ, λ) = 0, m > 0 and
λ > 0, then for large τ the fluid source vanishes and the solution describes an isotropic empty spacetime.
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5.2 Bianchi V cosmological fluid
We consider the extended Bianchi V spacetime of proposition 2
ds2(V ) = −A2(τ )emλτdτ2 +A2(τ )emλτdx2 +A2(τ )em(λ−1)τe2xdy2 +A2(τ )e2xdz2 (43)
and repeat the calculations for the comoving observers. We find that the kinematic quantities are exactly the
same with those of the Bianchi III spacetime while the dynamic (non-zero) dynamic variables of the cosmological
fluid are
ρ =
e−mλτ
4A2
[
4
d (lnA)
dτ
(
3
d (lnA)
dτ
+m (2λ− 1)
)
+m2λ (λ− 1)− 12
]
(44)
p =
e−mλτ
A2
[
− 2
A
d2A
dτ2
+
d (lnA)
dτ
(
d (lnA)
dτ
+
m
3
(2 − λ)
)
− m
2
12
(λ− 1)(λ− 2) + 1
]
(45)
qa =
(
0,−m(λ+ 1)
2
e−
3mλ
2
τ
A3
, 0, 0
)
(46)
pixx =
m(λ+ 1)
3
d (lnA)
dτ
+
m2(λ2 − 1)
12
(47)
piyy = e
−mτ+2x
[
m(λ− 2)
3
d (lnA)
dτ
+
m2
12
(λ− 1)(λ− 2)
]
(48)
and
pizz = −e−mλτ+2x
[
m(2λ− 1)
3
d (lnA)
dτ
+
m2
12
(λ− 1)(2λ− 1)
]
. (49)
In the case L1 is a HV we deduce the same conclusions with the Bianchi III case of section 5.1.
6 Lie point symmetries of the wave equation
Collineations of spacetimes can be used to construct symmetries and conservation laws for some differential
equations defined in curved spacetimes. In [34] it has been shown that there exists a unique connection between
the Noether symmetries for the geodesic Lagrangian of a given Riemannian space and the elements of the
admitted homothetic algebra. Similar results have been shown for other partial differential equations of special
interest [35, 36].
In this work we consider the wave equation
1√−g
∂
∂xµ
(√−ggµν ∂
∂xν
)
u
(
xλ
)
= 0 (50)
in the Bianchi III spacetime (22) and in the Bianchi V spacetime (27) and determine its Lie symmetries. By
following the generic results of [36], we find that the admitted Lie point symmetries of the wave equation
in the Bianchi III spacetime (22) are the 3 KVs, the vector field Yu = u∂u, and the infinitely many vectors
Y∞ = b (x
µ) ∂u where b (x
µ) is a solution of the original equation (50). The latter symmetry vector fields exist
because equation (50) is a linear partial differential equation.
For a higher dimensional conformal algebra, equation (50) admits extra Lie point symmetries. Indeed, from
our analysis and for the case where the Bianchi III and Bianchi V spacetimes admit a proper HV the wave
equation becomes (−utt + uxx + uyy + emλt+2xuzz)+ m
2
(λ− 2κ+ 1)ut − ux = 0 (51)
or (−utt + uxx + emt−2xuyy + emλt−2xuzz)+ m
2
(λ+ 2κ− 1)ut + 4ux = 0. (52)
Then we find that equation (51) admits the generic Lie point symmetry vector
YIII =
(
a1
2
m
)
∂t + a2∂x + (a1y + a3) ∂y + (a1λz + a2z + a4) ∂z + (auu+ a∞b (t, x, y, z)) ∂u (53)
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while equation (52) is invariant under the one parameter point transformation with generator
YV =
(
a1
2
m
)
∂t + a2∂x + (a1y − a1y + a3) ∂y + (a1λz − a2z + a4) ∂z + (auu+ a∞b (t, x, y, z)) ∂u. (54)
The latter symmetry vectors can be applied to construct conservation laws or similarity solutions for the
wave equation. However, such an analysis is beyond the scope of the present work.
7 Conclusion
In this paper we have shown that there is only one type of Bianchi III and Bianchi V spacetime given respectively
in (22) and (27) which admit a single proper CKV. Furthermore, two more spacetimes are found which admit a
HV. In order to arrive at this result we applied an algorithm which relates the CKVs of decomposable spacetimes
with the collineations of the non-decomposable subspace. The kinematics of the fluid of the comoving observers
in all these four spacetimes is not accelerating and rotating and has only expansion and shear a result compatible
with the anisotropy of the Bianchi spacetimes. Concerning the dynamics it has been shown that the fluid of these
observers is heat conducting and anisotropic, that is it is a general fluid. Finally we have used the conformal
vectors we found in each case in order to determine the generators of the Lie symmetries of the wave equation
in the Bianchi III spacetime (22) and in the Bianchi V spacetime (27).
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